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1. Curvature

Let f : I — R be a sufficiently many times differentiable function on an interval I.
Then the points on the graph of y = f(z) is a curve. However, not all curves could be
represented as a graph of such a real valued function on intervals viz, the figure of a circle
with centre (0,0) and radius 1 in the XY -plane R? is one such example of a curve. In this
situation, we have to represent the equation of the circle as x = cost; y = sint, ¢ € [0, 27].
These are called the parametric equations of the circle. Also, let us think of a spring put
in R®. Then the points of this spring is a curve. Thus formally we have the following
definition of a curve.

1.1. Definition. Let I be a closed interval and z = z(t), y = y(t) and z = z(¢) be real-
valued differentiable functions defined on I. Then the points (z(t),y(t), z(t)) in the space
is called a locus of the curve represented by the parametric equations x = x(t), y = y(t),
z=2z(t), tel.

Throughout this chapter we shall be concerned only with curves lying in the XY-
plane. For such curves we have z = 0. Hence they are described by z = z(t) and y = y(t).
A curve lying only in one plane is called a planer curve.

1.2. Definition. Let z = z(t),y = y(t) be a curve. If we eliminate ¢ and obtain a relation
g(x,y) = 0, then this form is called the cartesian representation of the curve. Further, if
g(x,y) = 0 can be written in the form y = f(x) (respectively, x = f(y)), then y = f(z)
(respectively, x = f(y)) is called the cartesian equation of the curve.

1.3. Example. Let I = [0,1] and # = t, y = t?. Then this is a curve that can also be

represented by the cartesian equation y = 2.

1.4. Definition. Let y = f(z) be a curve. Fix a point A on this curve. For a point P
on the curve, let s = arc AP be the arc length from A to P. For a point () on the curve,
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let s + As = arc AQ so that As = arc PQ). Let /1, /5 be the tangents to the curve at the
points P

and () making angles ¢ and
¥ + Ay respectively, with
a fixed line in the plane.
Clearly, the angle between
these two tangents is A,
called the total bending or
total curvature of the arc be-
tween P and (). Hence the
average bending or the av-
erage curvature of the curve
between these two points

relative to the arc length is S <
given by ﬁ—f. The bending or Figure 1.4
the curvature of the curve at

P is defined to be % Ay

Q—P 2% As—0 28

2. Derivative of an arc

2.1. Proposition. Fiz a point A(xg,y0) on a curve given by y = f(x). For a point
P(z, f(x)) on the curve, let s be the arc length of arc AP. (Clearly, s is a function of z.)

Then prove that
ds dy 2
— =4/1 - .
dz * (dac)



2. Derivative of an arc 3

PROOF.

Let y = f(x) represent the
given curve and A be a fixed
point on it. Let P(x,y) be
a generic point on the curve.
Let the arc AP = s. Take A As
a point Q(zr + Ax,y + Ay) D N
on the curve near to P. A
Let arcAQ = s + As.

From the right angled trian-

gle APNQ@), we have, 5

Ay

L M X
Figure 2.1

PQ*=PN? + NQ* = (Az)* + (Ay)®
PQ\? Ay’
X)) -1 .
- (&) 2+ (5)
L 2 2 2
N chord PQ E 14 % .
arc PQ) Ax Ax
Taking () — P, we get chord PQ) — arc P(). Hence,

ds\ > dy 2 ds dy 2
— | =1 —= — =14/1 — .
(dx) i (dx) ~ dz N <d$)

The proof of the following corollary is left to the reader.

2.2. Corollary. Let x = z(t) and y = y(t) be the parametric equations of a curve. Then

ds _ J(dn\* (v’
dt dt dt )’

2.3. Exercise. In the Proposition 2.1, suppose that the curve is represented by = = f(y).

2
Then deduce that the derivative of the arc length j—; =4/1+ (3—;) .

2.4. Definition. Let h(x,y) = 0 be a cartesian representation of a curve. By substituting
x =rcosf and y = rsind, in this form we get a representation g(r,#) = 0 of the curve
called a polar representation of the curve.

We shall be mainly dealing with the form r = f(6) of the curve.

2.5. Theorem. For a polar equation r = f(0) of a curve,

ﬁ_ 2+ ﬁ2
a0\ a0 )



PROOF. Let r = f(0) represent the given curve and A be a fixed point on it.

Let P(r,0) be a generic Y
point on the curve. Let < Q(r + Ar, 0 + A9)
arc AP = s. Take a d
point Q(r + Ar,0 + A0) 5 P(r.0)
on the curve near to P. <X A
Let arcAQ = s + As. g 1
From the right angled trian-
gle AONP as shown in fig- Q
ure, we have,
4
o] X
Figure 2.5
PN PN
sin Af = or - = PN =rsin Af
and
ON ON
cos A = 0P = = ON = rcos Af.
Also, from the figure,
NQ =0Q — ON

=7+ Ar —rcos Af
=r(l —cos Af) + Ar

Al
= 2rsin® - + Ar.
Now from the right angled triangle APNQ, we have,
PQ* = PN? + NQ*

=PQ* = r?sin® Af + (2r sin® % + Ar)?

PQ\?  , (sinA0\’ (A8 [sin(82)\ Ar
:>(A—9> =T ( Y ) + |7 sin > % +A_¢9
_, (chord PQ *farc PQ\® , [sinAf\?

— o5 =r

arc PQ) Af A

. (A [sin(52) Ar
7 sin (7) ( % +E

Taking () — P, we get chord PQ) — arc P(). Hence,

) de g o)

+




3. Radius of curvature 5
2.6. Example. For the curve ™ = a"™ cosnf, prove that
d ne
d—; = a(secnf) = .
SOLUTION. Here r™ = a" cosnfl. Taking log on both the sides,
nlogr = nloga + log(cosnd).
By differentiating this we get,
n dr sin nf N dr ; 0
—— =-n rL=— = —rtann
r df cosnf T
= 72 + 77 = r*(1 + tan® nf) = r*sec’ nd
N ds 24 dr\ >
do —\" " \as
= rsecnf = a(cos nG)% secnf = a(sec nﬁ)anl.
O

W R N

Exercise.

. Show that curvature of a circle is constant and is equal to the reciprocal of its radius.
. Show that curvature of a straight line is zero.
. Find j—; for the following curves.

(i) y = acosh ?. (ii) yzalog( a2 )

a2—z2

. Find % for the following curves.

(i) z = a(t —sint); y = a(1 — cost).
(ii) © = a(cost + tsint); y = a(sint — t cost).
(i) z = ae'sint; y = ae’ cost.

. Find % for the following curves.

(i) r = a(1 — cosb). (i) r* = a? cos 20.

3. Radius of curvature

3.1. Definition. Let P be a point on a curve such that the curvature of the curve at P
is nonzero. Then the radius of the curvature at P is defined to be the reciprocal of the
curvature at P and is denoted by p. That is, p = j—z.

3.2.

Theorem. Let y = f(x) be a curve and P be a point on it. Then prove that the

radius of curvature at P is given by

where y; = % and ys =

3
(14 y7)2
Y2

)
2y
dx?*



PROOF. Let y = f(x) be the given curve. Then tany = j—g. Differentiating with respect

to s, we get,
2,80 _ 4 (dy\ _ d (dy) de | dv
bee ds ds \dx) dx \dzr) ds b ds

i) dx
1+ tan®¢)— = yp —
=(1+ tan”v)) 7s - V2 s
i dzx
14 yi)— =y2 —
:>( +y1)d8 Y2 dS
d 1 2 d
:>p=—S= Ty as
dy Yo dx
1+ yi
Sp=— 149}
Y2
(L)
Y2 '

i

3.3. Theorem. Let r = f(0) be a polar form of a curve with a point P on it. Then prove
that the radius of curvature at P is given by

(4 )
2202 — oy’
where 1y = f'(0) and ro = f"(0).
PRrROOF. From the figure it is clear that

¥ =60+ . Hence,

dv_do dy
ds ds ds
@0, deds
ds  dfds
df dy
=—(1+—]. 3.1
ds(+d0> (3:3.1)

We know that tanp = -.

Differ-

1

entiating this with respect to 6, we

get,

=

o r?

Figure3.3
sec? <pd—¢ = ri =t
db r?
R 1 -ty 1 ri—rry
L+tan?p 12 147 P42’
1

We also know that % = /r? +r?. Hence by (3.3.1), we get,

@_ 1 (1+
ds /12

r? — 11y r? +2r2 —rry
r? + 12

R
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Hence,
_ds (r? + r3)3/2
P T Pt =y

g

3.4. Example. Prove that if p is the radius of curvature at any point P on the parabola
y? = 4ax and S is its focus, then prove that p? oc SP3.

SOLUTION. Let P(z,y) be any point on the give parabola. If the coordinates of the focus
S is given by (a,0), then

SP = \/(m_a)z‘ﬂﬂ:V$2—2ax+a2+4ax:x+a.
Now we find p for the given parabola y? = 4ax. Here 2yy; = 4a. That is, y; = %“ Also,
Yo = —§—§y1 = —%. Hence,

(L4222 (L+2)%2 (g2 1 4232

Y2 _;13?2 4a?
N (4az + 4a?)? _ 64a®(z + a)? _ 4@+ a)? _ éSP‘g.
16a* 16a* a a
This proves that p? oc SP3. O

3.5. Example. Show that the radius of curvature at any point of the curve
r = ae’(cosd — sinf), y = ae’(sinf + cosf) is twice the perpendicular distance of the
tangent at the point form the origin.

SOLUTION. Here

d
d—z = ae’(cosf — sinf) + ae’(—sinf — cos ) = —2ae’ sin 6.
Similarly,
d
d—g = 2ae’ cosh.
Hence y; = g—g = —cot # and y, = cosec? 0% = %. Thus,
1 4 42)3/2 1 £2 9)3/2
pP= ( +y1> - ( +i§sec39) - _2a60'
Y2 - ( 2ae? )

Now the equation of the tangent at a point is

y — ae’(sinf + cosf) = j—y(x — ae’(cosf — sin )
T

=y — ae’(sinf + cos#) = — cot O(z — ae’(cos § — sin 6))
=ysinf + zcosd — ae’ = 0.

Hence the length of the perpendicular distance of the tangent from the origin is
_qef
D= %2 Hj—esiHQH

= ae’. Hence p = —2p. U




3.6. Example. For the cycloid z = a(f +sinf), y = a(1 — cos ) prove that p = 4a cos($).
Also show that p? + p3 = 16a?, where pi, po are the radii of curvature at the points where
the tangents are perpendicular.

SOLUTION. % = q(1 + cosf), % = asin@. Therefore,
asin 6 2sin (g) cos (g) o
—_= = = tan =
n a(1+ cosf) 2 cos? 2

o Leedd (1 1) 1
y2—2 2dx 2COSzg 2acosgg _4acos4g'

Hence,

1+ y3)%? AN 0 0,0
p= % = (1 + tan? 5) 4a cos* 5= 4a sec? 2 cos™ 5= dacos(%).

If P(A;) and Q(fy) are
the points at which the

tangents are perpendicular,
then p; = 4acos(%) and

p2 = dacos(%). If the tan-

gents at these points make
the angles ¢ and 1), with

the X-axis respectively, then Q
dy 01

tanyy = 22 = tans. 1 (o

Therefore, 1, = %1. But © \0/ X
1 — P Z.  Therefore,

)
[ O _ w .
5 + %5 = 5. Hence, Figure 3.6

0
p; + p3 = 16a° [cos2 %1 + cos® <g - é)} = 16a” [cos® %1 + sin? %1] = 16a°.

O
3.7. Example. For the curve r = a(l — cosf), prove that p? oc r. Also prove that if p;

and py are radii of the curvature at the ends of a chord through the pole, p? + p3 = %.

SOLUTION. Here r; = asinf and ro = acosf. Hence,
(2 + 12"
T2+ 2r2 —rry
(a®(1 — cos )% + a®sin? §)3/2
a2(1 — cos )2 + 2a?sin? 0 — a2(1 — cos f) cos §
(2a%(1 — cos 6))?/?
3a?(1 — cosf)

(4a?sin® §)3/2

20
2

6a? sin
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4
=30 sing.
Thus,
16 8 8
PP = 3@2 sin® & = §a2(1 —cosf) = %
= p? 7.

Let P(rl, 01) and P(ry,02) be the ends of the chord through the pole. Then 6, — 6, = 7.
Then p? = $a?sin® %, (i = 1,2). Hence

16 0 5 0
P+ ps = EaQ (sm 51 + sin 52)

= E(12 sin? ﬁ + sin? T+ 6
9 2 2

16 ( N 61>
= —a sm——i—cos—

9 2 2
= 9 a”.
]
Rectification

4. Derivative of an arc: Revisited

Rectification is the process of computing the length of an arc of a curve. The curves
may have different representations — like cartesian, polar and parametric. So, we shall be
dealing with all the three forms. Besides, the curve could be expressed as a combination
of arcs of two different curves yielding a new closed curve. In this case, the length of arc
will be its perimeter. The idea of finding the length of arc is simple. We have obtained
the derivative of an arc in Section 2 earlier. It is the derivative of the length of arc s with
respect to the independent variable. If we integrate the same, we shall get the length of
arc. A curve is said to be rectifiable if it is possible to find its length.

5. Length of an arc of a curve

5.1. Theorem. Let y = f(z) be a cartesian representation of a curve C. Then the
length of arc of C' between two points A and B corresponding to the x-coordinates a and b
respectively, is given by

arc AB = /

PROOF. Let s(z) be the length of arc of curve between fixed point A on the curve and the
generic point P(z, f(x)). Then integrating (?7?) from a to b, we have,

[ (@) e [ o
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= 5(b) — s(a)
=arcAB —arc AA
= arc AB.

g

5.2. Theorem. Let r = f(0) be a polar representation of a curve C. Then the length
of arc of C' between two points A and B corresponding to the angles 6 = 6y and 0 = 6,

respectively, is given by
01 R
.
AB = 2 — | db.
arc / T+ ( p 9>
0o

5.3. Example. Find the length of arc of the parabola y* = 4az, (a > 0), measured from
the vertex to one extremity of its latus rectum.

. . . l 2
SOLUTION. We can write the given equation as z ="4-. Then Z—z = 5=. Therefore,

dr\? y? 1
1+ (55) =1+ 55 = VP 1 4.
+(dy) +4a2 2q VY A

From the figure, we see that
coordinates of the vertex O L(a,2a)
and top end of the latus rec- o
tum L are (0,0) and (a, 2a) (a,0) X
respectively. Hence the re- L'(a,—2a)
quired length of arc is
by

Figure 5.3

2a d 5
arc OL :/ 1+ (_x) dy
\ dy
0
2a
1
= —/\/y2+4a2dy
2a
0

4a?
{% Vy? + 4a? + - log(y + V42 + 4a2)}

[2\/§a2 +2a2log(2a + 2av/2) — 0 — 242 log Za}

2a
0

1

2a
1

2a
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=a

Va4 log (2<1_+ﬂ>>]

2a

= a(V2+log(1+v2)).

5.4. Example.
(a) Find the entire length of the astroid 2% + y?/® = a2/3,

(b) Prove that the length of the curve 2%/3 +y*?® = /3 measured from (0, a) to the point

(z,y) is given by 2(az?)'/3.

SOLUTION. (a)

B(0,a)

0 A(a, 0)

Figure 5.4
Here,

223 4 y2/3 — g2/3

2 -1/3 2 71/3dy
=>— — — =0
57 TRV o
d -1/3 1/3
dr y—1/3 21/3
dy ? 92/3 a*? 2/3,.-2/3
:>1+(%) —1+m—m—a €T .

From the figure, the entire length of the astroid is

0
/ 2
4><arcAB:4/ 1+(d—y) dx
dx
0

= 4/a1/3x1/3 dx

a

— 4aql/3 i/g ’
- 2/3],
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_2/3
=4 1/3 a
‘ < 2/3

= —6a.
Since the length of an arc is always positive, we infer that the entire length of the astroid
is 6a.
(b) The required arc length = arc BP

5.5. Example. Show that the entire length of the curve 22(a® — 2?) = 8a%y? is TaV/2.

SOLUTION.

The given curve is symmet-
ric about all — X-axis, Y-
axis and the origin. Putting
y = 0, we get x € {0,+a}.
22(a® — 2?)

Also since y? = FICI
a

we have y =

Hence —a < z < a is the
only possibility for getting y
real. The shape of the given
curve is as shown in the fig-
ure. It contains two equal
loops. Now,

= 16a%y

= 1 — ] d

/U + (d:c) x
0

:/al/3x_1/3 dx

0

s 22/31°

= Qa _—
2/3 1,

2203

2/3

_ 2,1/3,2/3

1/3

(_a7 O)B O

Figure 5.5

8a2y2 — 1‘2((12 . 1’2)

dy

e 22(a* — 2°%) + 2%(—27)

A(a,0)

g
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d 2 _ 2
N dy _ z(a* — 22°)
dx 8a?y

dy\ z(a? — 222)\°
1+ (%) o4 (B =)
- (d$> ' ( 8a’y

r?(a® — 22%)?
8a’x?(a? — x?)
8at — 8a%x? + a* — 4a’x? + 4a*
8a?(a? — x?)
~ (3a® —227)?
~ 8a%(a? —22)’

From the figure (5.5), we say that

=1+

the entire length = 4 arc OA
a dy 2
=4 1 — ] d
/ \/ + ( dw) T
0

a

3a? — 222
=4 dx
2av/2v a2 — 22

0

a? a? — x?
+ dx
2 —

2
| 2a/2v/ 2 2av/2v a2 — 12

0« . m} N
| 2v/2V a2 — 22 av/2

g

5.6. Example. Find the length of the cardioid r = a(1 + cosf) lying outside the circle
r = —acosf.
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SOLUTION. First we find the angle between two curves at the point of their intersection.

By comparing them, we get

a(l 4+ cosf) = —acosf =
COSQZ—%:>(9:7T:|:§:>
0= %’T, %”. From the figure,

we see that the given curve

is symmetric about the po-
lar axis and the required
arc length is arc ABC =
2arc BA. Now for the curve
r = a(l+ cosh),

Figure 5.6
dr\ 2
r? <d_2) = a’(1 4 cos ) + a’sin* 0 = 2a*(1 + cos§) = 4a® cos” &.
Hence the required arc length
2m/3 2
2arCBA—2/ r2 + dr do
B de
0
27 /3

=2 / 2a cos(%) df
0

= 8a [sing} Eﬂ/s

= 8a (sin% — 0) = 4av/3.

6. Intrinsic equation

6.1. Definition. Let A be a fixed point on a curve C' and P be a generic point on the
curve. Let ¢(P) denote the angle between the tangents to the curve at points A and P.
Also, let s = arc AP. Then the relation between s and 1 is called the intrinsic equation
of the curve.

It is customary to fix origin (or pole) as the fixed point A if it lies on the curve.
Otherwise we mention the fixed point explicitly. We follow this convention throughout this
section including exercise. Now we obtain the intrinsic equations of the curve represented
in different forms.



6. Intrinsic equation 15

I Cartesian form

Let A(a,b) be a fixed point
and P(x,y) be a generic

Y]

point on the curve y = f(z).

We develop the equation in "
a particular case when the = ¥
tangent to the curve at A is . /@ N
parallel to the X-axis. Then Figure 6.1
= 1 —= 1 d 6.1.1
s= [y () (6.1.1)
and 4
Y
t ==, 6.1.2
anyy = 7 (612)
Eliminating x from (6.1.1) and (6.1.2) we get a relation
F(s,¢) =0,

which is the intrinsic equation of the curve in cartesian form.

If the curve is represented in the form =z = f(y) or in a parametric form, then the
intrinsic equation can be obtained similarly by eliminating y or the parameter ¢ respectively.
However, in the polar form, the coordinates are changed, so we give intrinsic equation in
this case separately.

IT Polar form

Let A(rq, 61) be a fixed point
and P(r,0) be a generic
point on the curve r = f(6).
We develop the equation in

a particular case when the

tangent to the curve at A

T A
Y
is parallel to the polar axis. o
Then Figure 6.1

s:/‘72+(%02w. (6.1.3)

v =10+, (6.1.4)

where ¢ is the angle between the radius vector and the tangent at point P. We also know
that

Now from the figure,

do
t =r—. 6.1.5
anp =1 ( )
Eliminating ¢ and 6 from (6.1.3), (6.1.4) and (6.1.5) we get
F(s,9) =0, (6.1.6)

which is the intrinsic equation of the curve in polar form.
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6.2. Example. Find the intrinsic equation of the Cardioid r = a(1 + cos#). Hence prove
that s2 4+ 9p? = 16a%, where p is the radius of curvature at any point of the curve.

SOLUTION. Here r = a(1 4 cos@). Therefore, % = —asinf. Hence
20
tan g = r& = —1tcost —2:1:2500282 = —cot ¢ =tan (% + %). Hence,
2 2
T n 0
7T
Also,
T 6 30 =
-0 — g+ 4+ =4 6.2.1
p=btp=0+5+5="15+7 (6.:2.1)
Now,

9 Nz
- 2 (22 a0
S / T+(d0)
01

0
— / \/a2 (1+ 0089)2 + a2sin® 6 db
0

0
:a/\/2(1+0089) do

0

0
:a/\/4coszgd0

’ 0
:2a/cos§d9

0

= 2a [2 sin g}z
0

= 4asin 5
(Y
= 4asin 376 (by (6.2.1)) (6.2.2)
which is the required intrinsic equation. By differentiating (6.2.2), we have p = j—z =
22 cos (£ — Z). Hence 3p = 4acos (¥ — Z). So, s* + 9p* = 16a°. O

6.3. Example. Show that the intrinsic equation of the curve y* = az?, is 27s = 8a(sec 1) —
).
SOLUTION. We can write the given equation as x = \/Lay?’/? Then Z—z = 2,/Z. Here the
tangent to the curve at the origin is Y-axis. Therefore, tany = z—z, That is,

3 1y
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=27s = 8a

9y /2
1+-—= —1
(+5)

=27s = 8a [(1 + tan® )% — 1]
=275 = 8a(sec® 1) — 1).

hodddhdbddd

Y
d O
Y
O X
Figure 6.3



